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^ ■ Abstract 

I We study variuos homological structures associated with Poisson 

PU' algebra, the canonical differential complex for singular Poisson struc- 

("1 ■ ture and the analogue of the star operator for such manifolds. 

, Give the interpretation of the classical Koszul differential of exte- 

rior forms, as the supercommutator with some second order element. 

Describe the space of invariant distributions on manifold with sin- 
gular Poisson structure. 

X 

1 Lie superalgebra structure on the space of 
mult ideri vat ions of a commutative algebra. 
Poisson cohomologies 

Let A be a real or complex vector space. For each integer k let L''{A) be the 
space of multilinear antisymmetric maps from into A. Let L^{A) be A 
and L{A) be ®^^oL''{A). 
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There is a natural Lie algebra structure on the space L^{A) defined by 
the commutator of the composition. The composition on this space can be 
extended to the operator on L{A) called the compositional product (see [0]): 

for a G L""(A) and (5 G define a o (3 e L"^+"-i(A) as 

= E s(i)<-<s{n) sgn{s)a{(3{us 

1)) 

s(n+l)<---<s(m+7i— 1) 

As a result, the commutator on L}{A) can be extended to the supercommu- 
tator on the space L{A) as 

[a, /?] = (-l)(™+i)"ao/? + (-l)'^/5oa (1) 

This bracket satisfies the conditions needed for the space L{A) be a superal- 
gebra: 

for a E P e and 7 G 

(a) [a, P] = «]; 

(b) i-ir'[[a, P], + 7], 4+(_l)«'=[[^, «], /?] = 0. 

An element /i G i^^(^) satisfying the condition [/x, /x] = 0, defines a Lie 
algebra structure on A: 

for a,b E A let [a, 6]^ = fj,{a, h) 

We call such element involutive. 

An involutive element /x G -^^^(A) defines a linear operator 

: L{A) — > L{A), of degree +1: d^{a) = [/i, a]. From the condition 

(b) and the involutiveness of the element fi follows that the operator (9^ is a 

coboundary operator, i.e. d^o = 0. 

Let A be a commutative algebra over the field of the real or complex 

numbers. In this case, the space L{A) has a structure of an exterior algebra 

under the multiphcation operator defined by the classical formula 

for a G L'^iA), and p G ^"(A), let 

(2) 

(a A P){Ui, . . .,Um+n) = 

= :^Es Sgn{s)a{Us{l), . . . , Us(m))P{Us(m+l), Ms(m+n)) 
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We call an element a G L{A) multiderivation if for any set of elements 

a{aai, 02, ... , a^) = aa(ai, . . . , a^) + aia(a, 02, ... , Ofc) 

The subspace of all multiderivations in L"^{A) we denote by Der"^{A). 
Also, we put : Der°{A) = A and L'er(A) = ®'^^(^Der''{A). 

The subspace Der(y4) in the space L{A) is closed as under the operator of 
exterior multiplication defined by the formula 0, so under the bracket defined 
by the formula Moreover, these two structures are interconnected by the 
following property: 

for a G Der™(A), /? G Der"(A) and 7 G Der(A) 

we /lafe (3) 

[a, /?7] = [a, /3] A 7 + {-lY'^+'^^P A [a, 7] 

For any integer k, we have the subspace A''Der^{A) in Der'^(y4), which is 
the set of the elements of the type vi A . . . Avk, where each Vi, i = 1, . . . , k is 
an element of the space Der^{A). The subalgebra A^Der^{A) in the algebra 
Der{A) is also closed under the bracket [ , ] and the exterior multiplication. 
For the restriction of the bracket on the algebra A''Der^{A), the following 
explicit formula can be used: 

[ui A . . . A Um, Vi A . . . AVn] = 

, vj]AuiA...AUiA... (4) 

... A Mm A Vi A . . . AVj A . . . A Vn 

where ui, . . . ,Um and f 1, . . . , f„ are the elements of the space Der^{A). 

An involutive element P G Der'^{A) defines a bracket on A which, at the 
same time, is a biderivation. Such a structure on a commutative algebra 
is called the Poisson structure. As the subspace Der{A) is closed under 
the supercommutator, it will be invariant under the action of the operator 
dp, and therefore we have the subcomplex [Der{A), dp) of the complex 
(L(y4), dp). From the formula ^ for the bracket [ , ], on Der{A)., follows 
that the operator dp : Der{A) — > Der{A) is an antidifferential, that is 

for each u G Der"^{A) and v G -Der"(y4) we have 
dp{u Av)= dp{u) Av + A dp{v) 
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Therefore, on the cohomologies of the complex {Der{A), dp) can be induced 
the structure of exterior algebra from Der{A). The cohomology algebra of 
the complex {Der{A), dp) is called the cohomology algebra of the Poisson 
algebra {A, P). 

For the commutative algebra A, consider the space of the first order dif- 
ferential operators from A to itself, denoted by Diff^(A). By definition, 

Diff^{A) is the subspace of the space Hom{A, A) consisting of the map- 
pings (/9 : A — > A, such that, for any a & A = HomA{A, A) C Hom{A, A), 
we have that [ip, a] G HomA{A, A) = A. 

As it is well-known Diff'^{A) = Der'^{A) © A: 

(p{uv) — u(f{v) — {(f — ip{l)){uv) — u{(p — ip{l)){v) 

So, we have that {(p — ip{l)){uv) — u{Lp — ip{l)){v) = c{u)v. Consequently, 
putting V = 1 we get c — if — ip{l), and therefore, the mapping 

X = ^-(^(1) -.A — > A 

is an clement of the space Der^{A)^ and any element ip G Diff^{A), can 
be decomposed a.s (p = {ip — (p{l)) + 92(1), where ip — ip{l) G Der^{A) and 
cp{l) G A. 

The anticommutativc algebra structure described above, can be consid- 
ered as well in the case of L{B), where B = Diff^{A). The space B is 
equipped with the natural structure of Lie algebra, defined by the commuta- 
tor [u, v]=uov — vou which means that there exists an involutive element 
// G L'^{B). So, we can consider the complex {L{Difp{A)), dn). 

For each positive integer n let fl"-{A) be the subspace of the space 
L"'{Dif f^{A)), consisting of such mappings 

CO : DtffiA) X ... X DtffiA) Dif f\A) 

that 

• to takes values in ^4 = HomA{A, A) C Diff^{A); 

• uj{ui, . . . Un) = if at least one of the elements tii, . . . m„ G Diff^{A) — 
Der^{A) © A is in A; 

• cu is an A — multilinear, i.e. uj{aui, . . . , Un) — au!{ui, . . . , Un), for any 
a & A and Wi, . . . , m„ G Der{A). 
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Using the classical terminology, it can be said that the elements of the 
subspace are differential forms of the order n on the commutative 

algebra A. 

Theorem 1 The subspace VL{A) = ©^ofi''"(A) in the space L{Diff^{A)) is 
invariant under the action of the operator = [fi, ■], and the restriction of 
the operator —dp on Q{A) coincides with the classical differential on space 
of differential forms. 

Proof. By the definition of the supercommutator, for uj G Q"'{A) we 
have the following 

[fi, Uj]{Ui, . . .,Un+l) = (-l)"E(-l)"^^"Xt^(Ml, ...,Ui,.. .,Un+l), Ui) + 
+ J2{-iy+^'^Uj{jJ,{Ui,Uj), Ml, . . . . . . ,Uj, . . . ,M„+l) = 

= E(-1)*"M^("1) ■■■,Ui,.. . ,M„+l), Ui] + 

+ Uj], Ui,...,Ui,.. .,Uj, . . .,Un+l) = 

= E(-l)*MiU;(Mi, . . . , Mj, . . . , M„+i) + 

+ Uj], Ui,...,Ui,.. . . . .,Un+l) = 

= -{T,{-'^y~^UiUj{ui, ...,Ui,.. . ,M„+i) + ) + 

+ J2{-^y^^^{[Ui, Uj], Ui,...,Ui,.. .,Uj, . . . ,M„,+l) = 

= -{duj){{ui, . . .,Un+l)) 

To summarize, we can state that the subspace VL{A) in the space 
L{Dif f^{A)) is not closed under the operation of supercommutator, but it 
is invariant under the action of the operator [fi, ■], where n G L'^{Dif f^{A)) 
is the element defined by the commutator in the Lie algebra Diff^{A). It 
can be defined the operation of the exterior multiplication in the space Q{A) 
by the formula 0, after which the operator d becomes the antiderivation of 
degree +1 of the algebra Q{A). 

Any element p G Der'^{A) defines the mapping p : A — > Der^{A) as 
follows 

p{a){b) = p{a, b) 

which can be extended to the mapping p : Q{A) — > Der{A) by the following 
formula 

p(a)(ai, . . . , a„) = (-l)"a(p(ai), . . . ,p(a„)) 
where a G fl{A) and ai, . . . , a„ G ^. 
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As it was mentioned, the involutieness of the element p (i.e. [p, p] — 0) 
is equivalent to the bracket {a, b} — p{a, 6) be a Lie algebra structure on 
A: 

[p, p]{a,b,c) = 2{p{p{a,b),c) +p{p{b,c),a) + p{p{c,a),b)) = 
= 2({{a, 6}, c} + {{6, c}, a} + {{c, a}, 6}) 

Lemma 2 //p is involutive, the mapping p : A — > Der^{A) is a Lie algebra 
homomorphism. 

Proof. p({a,6})(c) = {{a,6},c}; as it follows from the Jacoby identity 
for the bracket {}, we have 

{{a, b}, c} = {a, {b, c}} - {b, {a, c}} = {p{a)p{b) - p{b)p{a)){c) 



Theorem 3 The mapping p : Q,{A) — > Der{A) is a homomorphism of the 
complexes {ft{A), d) and {Der{A), dp — \p, •]). 

Proof. p{duj){ai, . . . ,a„+i) = {-1)'^+^ (du) {p{ai) , . . . ,p(a„+i)) = 

+ Ei<i(-l)*+^'^([p(ai), P{aj)], ■ ■ ■,p{a'd, ■ ■^p{aj), ■ ■ ■,p{an+i))) = 

+ Ei<j(-l)'+^^^([p(ai)> ■ ■ ■ ■ ■ ■ ■ ■ ■ ,P(an+i)) )■ 

On the other hand we have: 

b, • • • ,an+i) = Ei(-l)*~V((p(^))(ai, . . . ,aj, . . . ,a„+i), aj) + 

+ Ei<j(-l)*+^"^p('^)(p(ai, aj), . . . , Oj, . . . . . ,p(a„+i)) = 

= cu(p(ai),..^(a,),..^(a„+i))) + 

+ Ei<i(-l)*+^"^^([p(ai), • • • • • • • • • ,p(an+i)) ) 
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2 Schouten bracket as the deviation of the 
coboundary operator from the Leibniz 
rule 

The main result of the previous section is the fact that a supcrcommutator 
on an exterior algebra gives rise of some coboundary operator on this algebra, 
and even the classical differential on the exterior algebra of differential forms 
can be represented as a supcrcommutator with some second order element 
of some superalgebra containing the algebra of differential forms. In this 
section, we consider some reverse situation: a coboTindary operator on some 
exterior algebra induces a superalgebra structure on this algebra. 

Let Ehea real or complex Z-graded exterior algebra with a multiplication 
operation denoted by A. Let d : E — > £■ be a boundary operator {dod — 
and d{Ei) C Ei_i for i = 0, • • • , oo). 

The operator d is said to be an antidifferential if for any u e E^ and 
V & E, it satisfies the following condition 

d{u Av) = d{u) A -u + (-1)"*-^ A d{v) 

For any boundary operator on the exterior algebra E we can define the 
bilinear mapping [ , ] : E x E — > E as follows 

for u e Ejn and v & E let 

(5) 

[u, v] = d{u) Av+ A d{v) - d{u A v) 

If the operator d is antiderivation, the mapping defined by this formula is 
trivial. 

In any case, we can ask the question is the bracket [ , ] a Lie superalgebra 
structure on E or not? To be so, the following conditions must be hold: 
for any u e E^, v & E^ and w & E^ 

(si) [u, v] = {-l)'^''[u, v] 

(s2) [u, V Aw]^[u, v]Aw + V A [u, w] 

(s3) v], w] + {-1)"'''[[v, w], u] + [[w, u], v] = 
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The first of these three conditions is obviously always true. The third one 
is also always true for the first order elements and is equivalent to {d od){x A 
y Az) = 0, for X, y, z E Ei, and implies that the bracket [x, y] = —d{x, y) 
defines a Lie algebra structure on Ei. 

The condition (s2) is equivalent to the following equality for the operator 

d: 

d{aAP Aj) = 

= 9(a A /3) A 7 + A d{(3 A 7) + A d{a A 7)- (6) 

~{da A /3 A 7 + (-l)™a A 9/3 A 7 + A P A d-f) 

It is easy to check by induction that the condition (s2) implies that the 
operator d, on the elements of the type Mi A . . . A G -E„ where e 
El has the form 

d{ui A ... AUn) = ^{-iy~^^[ui, Uj] Aui A . . . AUi A . . . AUj A . . . AUn 

and in this case, all of the above three conditions are true on the subalgebra 

A^i = ©^=o(A'^i). 

Let a Lie algebra L be a module over some commutative real or complex 
A, which, itself is a module over the Lie algebra L. That is: there is a 
Lie algebra homomorphism from L into the Lie algebra of all derivations of 
the algebra A. Assume that these two structures: the A-module structure 
on L and the L-module structure on A, are interconnected by the following 
condition: 

for any x, y E L and a G A let [x, ay] = x{a) ■ y + a ■ [x, y]. 

Let for any positive integer n, ^4) be the space of skew-symmetric, 

i^-multilinear mappings from L" into A, where K is the field of either real 
or complex numbers. Using the formula ^ for the Schouten bracket on AL = 
© A'^ L, we obtain that for any u G A™L, v G A"L and u G A): 

uj{[u, v]) = uj{d{u) Av) + {-l)"'uj{u A d{v)) - uj{d{u A v)) 

or, in the other notations 

coilu, v]) = + i-irtMdiv)) - Luid{u A v)) (7) 

where, for a G Q^j^{L, A) and x G A'^L, under the notation i^uj, we mean 
the element of the space fl^j^'^{L, A) defined as {ixa){y) = a{x A y), for any 
y G AP-'^L. 
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Using the dual notations, the expression |^ can be written in the following 
form 

u{\u, v]) = + {-l)"'{d*Kuj){v) - {d*uj){u A v) (8) 

where: {d*a){x) = a{dx), for any a G A) and x G A^L. 

By the definition of the classical exterior differential, we have that da = 
d*a + dia, where, for ui, . . . , Up+i G L, the expression dia is defined as 

P+i 

{dia){ui A ... A Up+i) = '^{—iy~^Uia{ui A ... Aul A ... A Mp+i) 

i=l 

It is easy to verify, that 

Therefore, in the expression ^, we can replace the operator d* by the operator 
d: 

u{[u, v]) = + - {duj){uAv) (9) 

If we consider the subspacef2(L, A) = ©^Qf2*(L, A) of the space 
flxiL, A) = ©^Qf2}^(L, A) consisting of the A-multilinear mappings, the 
formula |^ for the Schouten bracket is more convenient then the formulas ^, ^ 
and ^, as the subspace Q{L, A) is invariant under the action of the operator 
d, and besides that, the formula ^ can be used as an invariant definition of 
the Schouten bracket in some cases. For example, for the covariant, skew- 
symmetric tensor fields on a smooth manifold. 

As we know, an invariant element p E L A L, defines an operator dp = 
[p, ] : AL — >• AL, of degree +1, which is a coboundary operator. The dual 
operator 

d;:nK{L, A)-^nK{L, A) 

{d;uj){x) = uj{[p, x]) 

is an operator of degree —1 and is a boundary operator: d* o d* = 0. Using 
the formula ^ we obtain the following expression for d*: 

{d;u;){u) = {du){p An) - {dipu){u) - (-l)l"l(c/z„a;)(p) 
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Or, in more brief notations 



{d;uj){u) = {z,od-do t,){uj){u) - {-ip{dtuuj){p) (10) 

It is clear that the subalgebra Q{L, A) of the algebra Qx{L, A) is not 
invariant under the action of the operator d*, as for u G fi"(L, A), a & A, 
and X G A"L, we have 

{d*uj){a ■ x) = —uj{[p, a ■ x]) = —u{p{a) Ax + a[p, x]) = 

= -((-l)l-l(^,cu)(p(a)) + a ■ uj{[p, x])) = a ■ {d;uj){x) - (-l)l-l(2,cu)(p(a)) 
To "correct" the operator d* so that the algebra of differential forms Q{L, A) 



be invariant under its action, we remove the last term in the [ly. The result is 
exactly the boundary operator of the canonical complex for Poisson manifold, 
which is well-known in the case when L is the Lie algebra of vector fields on 
some Poisson manifold M, and A is the commutative algebra of smooth 
functions on M (see [Q) 

d-.Q^'iL, A) — yQ^^'^L, A), d = ipod-doip (11) 

For p, define the following bilinear mapping: 

p : ^"^(L, A) X fi"(L, A) — > fi'"+'^-2(L, A) 

p{a, P) = ip{a A P) — ipa A P — a A ipP 



(12) 



The Schouten bracket on the anticommutative graded algebra Q{L, A) = 
(B^''{L, A) can be defined as 

[a, p] = dp{a, p)-p{da, /?) - (-l)l"lp(a, dp) (13) 

(see i). 

Theorem 4 The bracket on Q[L, A) defined by the formula [I^ coincides 
with the bracket [ , ]s which is the deviation of the operator 6 from an- 
tiderivation. That is: for any a G Q'^{L, A), and P G fl{L, A), the follow- 
ing equality is true 

5a A P + {-l)"'a A p - 5{a A P) = dp{a, p)-p{da, /?)-(-!)>(«, dp) 
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The proof of this theorem consists of simple verifying of the equahty 



keeping in mind the formulas |TT|, |T2| and 0. 

For any a E A, define the element da G fl^{L, A), as {da){X) = X{a) 
for any X E L. Consider the subalgebra of the Q{L, A) generated by A and 
dA C Q^{L, A). Denote this subalgebra by fl{L, A), and the corresponding 
grading subspaces by Q''{L, A) for k = 0, ■ ■ ■ , oo. As it follows from the 

definition, each Q^{L, A) consists of the elements of the form J2 d(A ^ 

i=l 

da\. The Poisson bracket on A defined by p, as {a, 6} = ip{da A dh), for 
a, h E A, gives the same expression for the operator 5, as in the case when 
A is the algebra of smooth functions on some Poisson manifold and L is the 
Lie algebra of the vector fields on the same manifold (see 0]): 

n . , — . 

5{aQdai A ... A a„) = Yl, {—^Y^^Woi ai}dai A dai A (ia„+ 

. . «=i (14) 

+ l)*^-'ao'^{«j, CLj] A dai A ... A dai A ... A daj A ... A dan 

i<j 

By using of this formula, it is easy to verify that on Q{L, A) the condition 
^ for 6 is true, therefore, the bracket defined by |I3| or by [a, P] = Sa A j3 + 
(— A5/3 — 5(a; A/5) on Q{L, A) gives a Lie superalgebra structure, which 
is the extension of the Lie algebra structure on Q^{L, A). So, in the case 
when A = C°°{M) for some Poisson manifold M, and L is the Lie algebra of 
vector fields on the same manifold, we can state that the supercommutator of 
differential forms on M is the deviation of the canonical boundary operator 
S from antidifferential. An element x Ay E L A L defines the mapping from 
A into L, a i-^ Ua, as Ua = x{a) ■ y — y{a) ■ x. It is clear that for each a G A, 
the expression Ua depends only on da G Q}{L, A). This mapping can be 
extended linearly for any p E L A L. After that, for any p G L A L we can 
define the mappings p : A) — > A^L, /c = 0, ■ ■ • , oo as follows 

p{aQdai A ... A dak) = Oof/ai A ... A ^4^^ 

For any fixed u G Cl"{L, A), define a mappings: 
* : n''{L, A) — > fi"-'=(L, A) 
as 

*{aodai A ... A dak) = ao{iua^ o ■ ■ ■ o 

In the case when M is a symplectic manifold with a symplectic form a, 
A = C°°{M), p is the bivector field corresponding to the form a, L is the 
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Lie algebra of vector fields on M, and u) = / 2, the operator * is the 

well-known analogue of the star operator on a Riemannian manifold (see [0]). 

Theorem 5 If u satisfies the following conditions 
duj = 

da Au = for each a & A 

then the equality *6 = {—l)''d* is true on VL^{L, A), if and only if {d o 
iua)^ = 0, for any a & A. 

Proof, on Q^{L, A) we have: 

{*5){aodai) = *{{ao, ai}) = {oq, aj-o;; 

{d*){aodai) = d{aoiua^^) = dcLo A iu^^uj + aodiu^^uj 

Consequently: {*6 + d*){aodai) = {ao, ai} ■ oj + da^ A iua^^ + (^odiua-^^ = 
-iua_^ {dao Auj) + a^diu^^u: = aodiu^^uj. 

Therefore, on the space Q^{L, A) the equality *6 = —d* is true if and 
only if [d o iua)uj = for any a & A. 

To proof the equality *6 = {—l)^d* for each Q^{L, A), the following 
well-known formula can be used 

{LxUj){Xi, ■ ■ ■ = {ixduj + dixuj){Xi, ■ ■ ■ = 

= Xu!{Xi, ■ ■ ■ , Xn) — J2i ^^{Xi, ■ ■ ■ , [X, Xi], ■ ■ ■ , Xn) 

So, we can state that the operator * induces a homomorphism from the 
homology space ifj(L, A, 5) of the complex (ri(L, A), 5) into the cohomol- 
ogy space H^~^{L, A) of the complex A), d). 

3 Brief overview of the geometric structure 
of Poisson Manifolds 

Further we shall consider the case when the commutative algebra A is the 
algebra C°°(M) for some smooth manifold M, L is the Lie algebra of vector 
fields on M and therefore VL{M) is the exterior algebra of differential forms 
on M. An involutive element p G ^^(M), where V"^(M) is the space of the 
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second-order covariant antisymmetric tensor fields on M, defining a Poisson 
algebra structure on the space C°°(M) is called as a bivector field on the 
manifold M. 

Let TT be the differential system on M derived by the set of the vector 
fields of the type Xf = {/, ■} for / G C°°{M). In other words, for any point 
X G M, the subspace 7i{x) C T^M is defined as 

Tr{x) = { ue T^M I (3{u) = (a A f3){p^) 
for some a G T*M and each [3 G T*M } 

The rank of the differential system tt at any point x G M (i.e. the dimension 
of the space vr(a;)) equal to the rank of the bivector field p at the point 
X {rank{px) = r r = 2k, for some integer k such that A'^ px 7^ 

and A'^+^Px = 0). 

For any function / G C°°{M), let (p^, t E R be the one-parameter group 
of diffeomorphisms of the manifold M, corresponding to the vector field 
Xf = {/, ■}. The bivector field p is conserved by the group ipf the latter 
statement is equivalent to the following equality 

{d{goip^) Ad{hoip^)){p) o ip-^ = {dg A dh){p) 

which itself, is equivalent to 

{go<p^, ho<p^} = {g, h}o<p^ (15) 

the latter is a result of the Jacoby identity for the functions /, g, and h, 
which is the infinitesimal variant of 

It is natural to ask, is the differential system vr integrable or not. Note, 
that it is an involutive system 

X,Ye^^^{X = J:v^{f^, ■}, Y = J:M9^, ■}) ^ 

[X, Y] = Ei^M, ^^}■{9^, ■}~M9^, V^}{f^, ■}) + 

+ J2Vi^i{{fi, gi}, ■} =^ [x, y]e7i 

Moreover, the following theorem describes the exact condition for any bivec- 
tor field p the corresponding differential system tt be involutive: 

Theorem 6 The differential system n is involutive if and only if [p, p\\x G 
'^\x A T^lx A nix for every point x G M. 
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Proof. To prove the theorem, the following formula is useful: 

for uj e n\M), a, /3e n^{M) and X, F G V\M) 



{u AaAP){X AY) = uj{X) ■ {a A p){Y) + u;{Y) ■ {a A p){X)- 
-coiXia), fm+coiXiP), Y{a)) 

It is sufficient to verify this formula in the case when uj = (p A ip, for any 
if, ijj E Q^{M). In this case we have the following 

{ip A-^ Aa A (3){X AY) = AiIj){X) ■ {a A f3){Y) + 
+ A a)iX) ■ iP A i;)iY) + A /3)(X) • A + 
+ (^ A a){X) ■ A f3){Y) + {^A /3)(X) • {a A ^){Y) + 
+ {c^A(3){X)-{^A^){Y) = 
= uj{X)-{aA l3){Y)+ujiY) ■ {a A f3){X)- 
-coiXia), fm+coiXiP), Yia)) 

The statement of the theorem , translated on the language of a local 
coordinate system {xi, . . . , Xn} is the following: for each i, j G {1, . . . , n} the 
vector field \p{dxi), p{dxj)] takes its values in the differential system tt; which 
is the same thing, that a{[p{dxi), p{dxj)]) = for each a G (vr)-'- C Q^{M). 

Using the formula |^ for the Schouten bracket, we obtain: 

{da Adxi Adxj){p Ap) = {2da){p) ■ {dxi Adxj){p) — {a Adxi Adxj){\p, p]). 

By using of the formula |16|, we obtain: 

{da A dxi A dxj){p A p) = {2da){p) ■ {dxi Adxj){p) — {2a){p{dxi, p{dxj))). 
Hence, we have: 

{a A dxi A dxj){[p, p\) = —{2a){p{dxi, p{dxj))). 

Recall that a G (vr)-'-, the latter equality ends the proof of the theorem. 



If the rank of a differential system is constant, then its integrability fol- 
lows from the Frobenius's classical theorem; but generally, the differential 
system vr, is not of a constant rank. Despite this, the differential system vr 
is always integrable, and it is a result of the Hermann's theorem (see [^]), 
which is a generalization of the Frobenius's theorem about the integrability 
of differential systems of non-constant rank. The necessary and sufficient 
condition for the integrability of a differential system, as it is stated in the 
above mentioned theorem, is the conservation of the rank of the system along 
the integral paths of this system. This condition is satisfied for the differen- 
tial system tt, which follows from the fact that the one-parameter groups of 
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the Hamiltonian vector field, conserve the bivector field p, and therefore its 
rank. 

An integral leaf of the differential system n is called symplectic leaf. 

The restriction of the Poisson structure on any integral leaf of the differ- 
ential system tt is non-singular; hence, a symplectic structure is induced by 
the bivector field p on such a leaf. Let us denote the symplectic form induced 

by the Poisson structure on a symplectic leaf N hj ujn. For x E N, u G Tj.N , 
and V G TxN we have that u!n{u, v) = {/, g}{x), where u = {/, -jla;, and 
v^{g, }\x- 

One of the indicators of the singularity of a Poisson structure is the exis- 
tence of such smooth function on M, which commutes with all functions on 

M and is not constant, i.e. the center of the Lie algebra of smooth functions 
Z{M), does not coincide to the set of the constant functions. The elements of 
the center Z[M) are know as Casimir functions. From the singularity of the 
Poisson structure p does not follow the existence of a non-constant Casimir 
function. 

For instance, if one of the symplectic leaves is everywhere dense in the 
manifold M then a Casimir function can be only constant. 
By way of illustration, consider the following 

Example: let M be a two-dimensional symplectic manifold and p be 
the corresponding non-singular bivector field on M. Let </? be a nonconstant 
smooth function on M. The bivector field pi = ■ p, is involutive as well 
as p. If the set (/9~^(0) is not empty, the Poisson structure defined by pi, 
is singular at the points of the set V5~^(0), which follows from the relation 
between the bracket { , }i defined by pi and the bracket { , } defined by 
P- {/, gh^V- {/, g}, for any /, ^ e C~(M). If a function / e C~(M) 
is a Casimir function, then we have the following 

<^-{/, ■} = 0^{/, •} I M v=i(o) = =^ / = const 

If if is such, that the set M\ip^^{{)) is everywhere dense (for example, in the 
case when the set V9~^(0)} consists only one point Xq) then we have that the 
function / is constant everywhere on the manifold M. So, this is an example 
of the situation when a Poisson structure is singular, but Casimir function 
can be only constant. 

Further, we shall extend (in some sense) the definition of the Poisson 
bracket for distributions on a smooth manifold, and be looking for Casimir 
functions in the set of distributions. 
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4 Distributions on Poisson manifold 



Distribution on a smooth manifold M is a linear function on the subspace 
of the space C°°{M) consisting of the functions with a compact support. 
For simplicity assume that the manifold M is compact, which implies that a 
distribution on M is simply a linear function on the space C°°(M). 

Let us denote the space of all distributions on the manifold M by F{M). 
Using the classical notations, the value of a distribution $ on a function 
(p e C°°{M), we denote by < </? >. 

The product of a function /, on a distribution is defined as the distri- 
bution / ■ $ such that, for each (p e C°°(M) :</■$, <^ >=< f ■ (p >. 
This operation makes the space F{M) a C°°(M)-module. 

For a vector field X G V^{M) and a distribution $, the distribution 
is defined as < 93 >= - < $, X{ip) >. This action makes 

the C°°(M)-module, F(M), a yi(A^)-module. That is: for any / e C°°(M), 
X e 1/1 (M) and$ e F(M), we have: X(/ • = • $ + / • which 
follows from 

<X(/-$), (^>=-</.$, X(^) /-XH >= 

=< $, X(/) ■ V? > - < X(vp ■ /) >= 
=<X(/)-<l>, ^> + <X($), v^-/>= 
-<X(/)-$, v^> + </-X($), 99> 

Let M be a Poisson manifold. 

As the action of a vector field on a distribution is defined, it can be defined 
the Poisson bracket of a function / and a distribution $ : {/, $} = 
where Xf is the Hamiltonian vector field corresponding to the function /. 
The latter can be written as 

<{/,$}, >=< 99 >= , . 

= - < Xfiip) >=< {(^, /} > ^ 

It makes the C°^(M)-module F{M) a Lie algebra module over C°°{M). That 
is: 

for f,geC'^{M) and $ e F(M), 

{/, ^7-<f} = {/, ^?}-$ + ^?-{/, ^} 

Besides that, we have that, for any fixed $ G F{M), the first order differential 
operator {$, •} : C°°(M) — > F(M) is such that for any (^,-0 G C°°{M) : 
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{$, ^p^jJ} = (p{^, \lj} + ip{^, (p}. To verify this, the following expression can 
be used: {(ftp, ■} = ip{ijj, } + ^p{(p, }. 

After we have defined the Poisson bracket of a distribution and a smooth 
function on the manifold M, note that, if the Poisson structure on M is 
singular, but has not a nonconstant center, can have such "center" in the 
space of the distributions. That is, there can be such a distribution $ e 
F{M) that {$, if} = for each if E C°°{M). In the situation described at 
the end of the previous section, such distributions are the Dirac functions da 
for any a G ip^^{0), Sa{f) = /(«)• In this case, for any f,g E C°°(M), we 
have 

< {Sa: /}l, 9 > = < Sa: {/, 9}l > = 

=< Sa, <^{/, g} >= <^(a){/, 9}{a) = 

Now, we shall describe some general construction to build a distributions 
"commuting" with each smooth function on the manifold M. 

Let us recall the following formula for the Poisson bracket of two functions 
on a symplectic manifold with a symplectic form cu: 

{/, ^}-u;" = n-(i5Ad/Aa;"-i (18) 

where n is the half-dimension of the manifold. The formula is the result of 
the following 

{/, g} ■Lu"' = iuf{dg A a;") + dg A iuftu = ndg A df A 

Let be a symplectic leaf in the Poisson manifold M. As it was men- 
tioned early, the restriction of the bivector field p, on the leaf A^ is not 
singular and we denote the corresponding symplectic form hj lvn. Consider 
the following distribution on the manifold M: 

5n:C°°{M) — >R, <5n, p}>^ j P}\n-0J^ 

N 

where (p e C°°{M) and A; = | dim A^. 

Theorem 7 For any p e C°°(M), we have {5jv, (^} = 0. 

Proof. By the definition of the Poisson bracket of a distribution and a 
smooth function we have: 
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for any if, ip e C°°{M) 

< {Sn, f}, ^ >=< Sn, {f, -ip} >= / {v^, V'lU ■ 



N 



Keeping in mind the fact that, the Hamiltonian vector fields are tangent to 
the symplectic leaves, the formula [l^ and the Stokes formula, we obtain 



N 



N 

k-1 



n dip A dip A uo% = n ip A dip A to 



k-i 



N 



dN 



Let Fq{M) be the subspace of the space F{M) consisting of the distri- 
butions commuting with every smooth function; Hq{M, 6) be the space of 
0-dimensional homologies of the canonical complex of the Poisson manifold 
M, denoted by {fl{M), 6); and Hq{M, 6)* be the space of linear functions 
on the space Hq{M, 6). 

Lemma 8 The spaces Fo{M) and Hq{M, 6)* are isomorphic. 

Proof. As it follows from the definition of the Poisson bracket of a 
distribution and a smooth function, the space Fq{M) can be defined as 

Fo(M) = {$ G F{M) I < $, {/, g} >= 

for every f,ge C°°(M)} 

In other words, Fo(M) = {C°°{M), C°°(M)}^, where 
{C°°(M), C°°(M)} is the space of the sums of the type 

iP,}, ip,, iP, G C^iM). 

As it follows from the formula |14| for the canonical coboundary operator 
6 : n{M) — ^ fi(M), its action on the form a = Y, ^ ^\M) is 6{a) = 

J2{iPi, ipi}. Therefore, 6{n\M)) = {C°°(M), C°°{M)}. As Ho{M, 6) = 
C°°{M)/5{n\M)), we obtain that 5{n^{M))^ = Hq{M, 5)* 
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Corollciry 9 If M is a symplectic manifold, then the space Fo{M) is one- 
dimensional and the functional 5^ defined as < 5^^, cp >= j ip ■ uj'^ , where 

M 

(p e C°°(M), u) is the symplectic form and dimM = 2n, forms its basis. 

Proof. If M is a symplectic manifold, then the mapping 

* : HoiM, 6) — > H'^''{M), where H'^"'{M) is the 2n-dimensional Dc-Rham 
cohomology space of M, is isomorphism. As M is symplectic, it is an oriented 
manifold, therefore H'^"'{M) ^ R 

Let be a symplectic leaf in the Poisson manifold M, and 
r : C°°{M) — > C°°{M) be the restriction mapping. It is clear that 6^ = 
?^*(5u;jv)' where r* : F{M) — > F{M) is the dual mapping, and a; at is the 
symplectic form on N induced by the Poisson structure. If the mapping r 
is an epimorphism, then Image{r*) = (/at)"'", where In is the ideal of the 
functions on M vanishing on the submanifold N, and (/jv )"*" is its orthogonal 
subspace in the space F{M). 

Theorem 10 If a symplectic leaf N in the Poisson manifold M is such that 
the restriction mapping r : C^i^M) — > C^i^M) is epimorphic, then the 
space {In n Fo(M) is one- dimensional and the element Sn forms its basis. 

Proof. As the mapping r is a Poisson mapping, i.e. for each pair (p, & 
C°°{M): 7r({^, V'}) = {7r(^), 7r(V')}, 7r-i((Jjv )^nFo(M)) = Fo(Ar), which 
is one-dimensional according to the CoroIIeiry 1 (see Lemma 2) 
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